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ON THE ELLIPTIC GENUS OF GENERALISED KUMMER
VARIETIES
MARC A. NIEPER-WISSKIRCHEN
Abstract. Borisov and Libgober ([2]) recently proved a conjecture of Dijk-
graaf, Moore, Verlinde, and Verlinde (see [6]) on the elliptic genus of a Hilbert
scheme of points on a surface. We show how their result can be used to-
gether with our work on complex genera of generalised Kummer varieties [16]
to deduce the following formula on the elliptic genus of a generalised Kummer
variety A[[n]] of dimension 2(n− 1):
Ell(A[[n]]) = n4ψ−2 ·
(
ψ2
∣∣
−2
V (n)
)
.
Here ψ(z, τ) := 2piiϑ(−z,τ)
ϑ′(0,τ)
is the weak Jacobi form of weight −1 and index
1
2
, and V (n) is the Hecke operator sending Jacobi forms of index r to Jacobi
forms of index nr (see [7]).
1. Introduction
The elliptic genus can be defined for every compact complex manifold as a func-
tion of a complex variable τ ∈ H and a complex variable z ∈ C. For a Calabi-Yau
manifold (Calabi-Yau in the (very weak) sense that its first Chern class vanishes
up to torsion) the elliptic genus turns out to be a weak Jacobi form of weight zero
and index d/2, where d is the dimension of the manifold. A proof of this fact can
be found in [11], and also in [3].
The elliptic genus is a generalization of Hirzebruch’s χy-genus. It was shown in [3]
that in fact the elliptic genus of a Calabi-Yau generally encodes more information
than the χy-genus provided the dimension of the manifold is twelve or greater than
thirteen.
Compact hyperka¨hler (see for example [14]) manifolds are in particular Calabi-
Yau manifolds in the sense given above. There are two main series of examples
of compact hyperka¨hler manifolds, the Hilbert schemes of points on surfaces and
the generalised Kummer varieties (see [1]). The χy-genera for these manifolds have
been known for quite some time (see [10]) since they depend only on the Hodge
numbers of these manifolds. One is naturally led to the question of generalising
these results to elliptic genera.
Dijkgraaf, Moore, Verlinde and Verlinde showed in [6] that the elliptic genus of a
symmetric product of a manifold can be expressed in terms of the elliptic genus of
the manifold itself. They conjectured that their formula also holds for the Hilbert
scheme of points on surfaces since these Hilbert schemes can be seen as resolutions
of symmetric powers of surfaces. Very recently, Borisov and Libgober managed to
prove that conjecture (see [2]) with methods of toric geometry.
In [16] we expressed the value of a genus on a generalised Kummer variety in
terms of twisted versions of this genus evaluated on the Hilbert schemes of points
on a surface X with c1(X)
2 6= 0. In this work it is shown that the result of [2] on
the elliptic genera of these Hilbert schemes can be used to calculate their twisted
elliptic genera. We do this and are led to a formula for the elliptic genus of a
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generalised Kummer variety. By specialising our result we reproduce Go¨ttsche’s
and Soergel’s formula for the χy-genus of the generalised Kummer varieties.
One last word on the notation: The symbol
∑
a|n stands for summing over
the positive divisors of the integer n.
2. Complex genera
2.1. Some notes on complex genera and the elliptic genus. Let Ω := ΩU⊗Q
denote the (rational) complex cobordism ring. By a result of Milnor ([15]), it
is generated by the cobordism classes [X ] of all complex manifolds X , and two
complex manifolds X and Y lie in the same cobordism class if and only if they have
the same Chern numbers, i.e. the Chern numbers determine the cobordism class
and vice versa. Recall that the sum in the ring is induced by the disjoint union of
manifolds, and the product by the cartesian product of manifolds.
By a complex genus φ with values in a Q-algebra R we want to understand a Q-
algebra homomorphism φ : Ω→ R. Examples of complex genera can be constructed
in the following way:
Example 1. Let C be the category of complex manifolds and A the category of
abelian groups. Let R be any Q-algebra and Φ a natural transformation from
the functor C → A, X 7→ K0(X) ⊗ Q to the functor C → A, X 7→ (K0(X) ⊗
R)× that associates to each X in the category of compact complex manifolds a
group homomorphism ΦX : K
0(X) → (K0(X) ⊗ R)×. For every such natural
transformation,
φ : X 7→ χ(X,ΦX(TX)) (1)
defines a complex genus.
Proof. It follows directly from the naturality of ΦX that φ(X + Y ) = φ(X) +
φ(Y ). Obviously, φ(∅) = 0, where “+” denotes the disjoint union of manifolds.
Furthermore,
φ(X × Y ) =χ(X × Y,ΦX×Y (TX×Y ))
=χ(X × Y,ΦX×Y (TX ⊞ TY ))
=χ(X × Y,ΦX×Y (TX)⊗ ΦX×Y (TY ))
=χ(X × Y,ΦX(TX)⊠ ΦY (TY ))
=χ(X,ΦX(TX)) · χ(Y,ΦY (TY ))
=φ(X) · φ(Y )
and
φ(point) =χ(point,Φpoint(0)) = χ(point, 1) = 1.
Finally, we have to show that φ depends only on the characteristic numbers of X .
By the Hirzebruch-Riemann-Roch formula, we have φ(X) =
∫
X
ch(ΦX(TX))td(TX),
i.e. it suffices to show that ch(ΦX(E)) depends only on the Chern classes of E for any
bundle E onX . This can be seen as follows: Obviously, E 7→ ch(ΦX(E)) is a natural
transformation from the functor X 7→ K0(X)⊗Q to the functor X 7→ H0(X)⊗R.
By the universality property of the Chern classes it follows that ch(ΦX(E)) can be
given as an universal polynomial (depending only on ΦX) in the Chern classes of
E over R (see for example [4])
The definition of the elliptic genus is an application to the concept outlined in
the example. From now on let use write q := e2piiτ for τ ∈ H, and y
1
2 := epiiz for
z ∈ C, i.e. y = e2piiz .
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Definition 1. For every complex manifold X of dimension d, we define the follow-
ing virtual bundle
EX(z, τ) := ΦX(TX , z, τ) ∈ K
0(X)[[q]][y±
1
2 ] (2)
on X , where
ΦX(E, z, τ) = y
−d/2
∞⊗
n=1
(∧
−yqn−1
E∗ ⊗
∧
−y−1qn
E ⊗ SqnE
∗ ⊗ SqnE
)
∈ K0(X)[[q]][y±
1
2 ],
(3)
for any bundle E on X . Here,
∧
t(E) :=
⊕∞
i=0
∧i
(E)ti and St(E) :=
⊕∞
i=0 S
i(E)ti
for any bundle E denote the generating functions for the exterior respective sym-
metric powers of E.
Definition 2 (see [3]). Let X be a compact complex manifold of dimension d. The
elliptic genus Ell(X, z, τ) of X is defined to be the Euler characteristic χ(X, EX(z, τ)) ∈
Q[[q]][y±
1
2 ] of the bundle EX(z, τ) on X .
The natural transformation X 7→ ΦX of Definition 1 is in fact a natural trans-
formation as in Example 1. Therefore, X 7→ Ell(X) induces in fact a complex
genus.
Remark 1. The elliptic genus is a generalization of the χy-genus of Hirzebruch.
More precisely,
χ−y(X) = y
d/2 lim
τ→i∞
Ell(X, z, τ) = yd/2 Ell(X, z, τ)|q=0 ∈ Q[y], (4)
which follows directly from the definitions.
By Hirzebruch’s theory of genera and multiplicative sequences ([12]), the R-
valued complex genera φ are in one-to-one correspondence with the formal power
series fφ ∈ R[[x]] over R with constant coefficient one. The correspondence is given
as follows:
φ(X) =
∫
X
d∏
i=1
fφ(xi) (5)
for all complex manifolds X , where d is the dimension of X , and x1, . . . , xd are the
Chern roots of its tangent bundle.
The representation of the elliptic genus in terms of power series is as follows:
Proposition 1. Let x1, . . . , xd be the Chern roots of X. We have
Ell(X, z, τ) =
∫
X
d∏
i=1
(
xi
ϑ
(
xi
2pii − z, τ
)
ϑ
(
xi
2pii
)
)
, (6)
where Jacobi’s theta function is defined as
ϑ : C×H→ C, (z, τ) 7→ 2q1/8 sin(piz)
∞∏
n=1
(
(1− qn)(1 − qny)(1− qny−1)
)
. (7)
Proof. See [3].
However, the power series in xi on the right hand side of the product sign has
not constant coefficient one. Nevertheless, we can achieve this by following an idea
proposed in [13], where it has been worked out on the χy-genus: Let us define
ψ(z, τ) := lim
x→0
x
ϑ( x2pii − z, τ)
ϑ( x2pii , τ)
= 2pii
ϑ(−z, τ)
ϑ′(0, τ)
∈ Q[[q]][y±
1
2 ], (8)
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where ϑ′(0, τ) := ∂∂z
∣∣
z=0
ϑ(z, τ). Furthermore, we set
f(z, τ)(x) :=
x
ψ
ϑ( xψ2pii − z, τ)
ϑ( xψ2pii , τ)
∈ Q[[q]][y±
1
2 ][[x]]. (9)
This is a power series in x with constant coefficient one. With this definition, we
have
Ell(X, z, τ) =
∫
X
d∏
i=1
f(z, τ)(xi), (10)
which can be seen by expanding f(z, τ) as a Taylor series in x and looking at the
degree d term.
Remark 2. The power series ψ has the following representation as an infinite pro-
duct:
ψ(z, τ) =
(
y−
1
2 − y
1
2
) ∞∏
n=1
(1− qny)(1 − qny−1)
(1− qn)2
. (11)
This can be seen for example by considering the product representations of ϑ(τ, z)
and ϑ′(0, τ) given in [5].
2.2. Twisted genera and the twisted elliptic genus. Following our work on
complex genera of generalised Kummer varieties ([16]), we define twisted genera of
compact complex manifolds as follows:
Definition 3. Let φ be a complex genus with values in the Q-algebra R. By φt
we denote the genus with values in R[t] that is given by
φt(X) :=
∫
X
d∏
i=1
(
fφ(xi)e
txi
)
(12)
for any complex manifold X of dimension d, and with Chern roots x1, . . . , xd.
Remark 3. Obviously, if a the genus φ is given by a natural transformation Φ as in
Example 1, we have
φt(X) = χ(X,ΦX(TX)⊗K
−t
X ). (13)
for any integer t. Of course, this can also be written as
φt(X) = χ(X,Φt,X(TX)) (14)
with the natural transformation Φt defined by Φt,X(E) := ΦX(E) ⊗ (detE)t for
any bundle E on X .
In general, the twisted version of a complex genus holds more information than
the untwisted genus itself. In the case of the elliptic genus, however, this is not
true, i.e. the elliptic genus encodes all the information of its twisted version.
As we are interested only in manifolds of even dimension for the purpose of
proving our main theorem, let X be of even dimension d = 2n from now on.
Proposition 2. The elliptic genus twisted by tψ, t an integer, of the compact com-
plex manifold X can be expressed by the usual elliptic genus via
Elltψ(X, z, τ) = y
2ntqnt
2
Ell(X, z + tτ, τ). (15)
Proof. We will make use of the following transformation property of the theta
function (see for example [5]):
ϑ(z + τ, τ) = −q−
1
2 y−1ϑ(z, τ) (16)
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where q−
1
2 stands for exp(−piiτ). It follows by definition that
f(z, τ, x) = −q
1
2 ye−xψf(x, z + τ, τ). (17)
Now we use (10) and find that
Elltψ(X, z, τ) = q
ny2nEll(t−1)ψ(X, z + τ, τ) (18)
by the definition of twisted genera. The proposition then follows by induction on
t.
From this we deduce the following proposition on the Fourier coefficients of
twisted elliptic genera:
Proposition 3. Let t be an integer and ct(m, l) for m, 2l ∈ Z be such that∑
m,2l∈Z
ct(m, l)q
myl = Elltψ(X, z, τ). (19)
These coefficients are connected to the coefficients c(m, l) := c0(m, l) of the un-
twisted elliptic genus via
ct(m, l) = c(m− lt+ nt
2, l− 2t). (20)
Proof. By Proposition 2, we have∑
m,2l∈Z
ct(m, l)q
myl = Elltψ(X, z, τ) = y
2ntqnt
2
Ell(X, z + tτ, τ)
= y2ntqnt
2
∑
m,2l∈Z
c(m, l)qm(yqt)l =
∑
m,2l∈Z
c(m, l)qm+lt+nt
2
yl+2nt
=
∑
m,2l∈Z
c(m, l − 2nt)qm+lt−nt
2
yl =
∑
m,2l∈Z
c(m− lt+ nt2, l − 2nt)qmyl.
Now compare coefficients.
3. The generalised Kummer varieties
3.1. Definition of generalised Kummer varieties. Let X be a smooth projec-
tive surface over the field of complex numbers. For every nonnegative integer we
denote by X [n] the Hilbert scheme of zero-dimensional subschemes of X of length
n. By a result of Fogarty [9], this scheme is smooth and projective of dimension 2n.
It can be viewed as a resolution ρ : X [n] → X(n) of the n-fold symmetric product
X(n) := Xn/Sn of X . The morphism ρ, sending closed points, i.e. subschemes of
X , to their support counting multiplicities, is called the Hilbert-Chow morphism.
Let us briefly recall the construction of the generalised Kummer varieties intro-
duced by Beauville [1]. Let A be an abelian surface and n > 0. There is an obvious
summation morphism A(n) → A. We denote its composition with the Hilbert-Chow
morphism ρ : A[n] → A(n) by σ : A[n] → A.
Definition 4. The nth generalised Kummer variety A[[n]] is the fibre of σ over
0 ∈ A.
Remark 4. It was Beauville who showed among other things in [1] that the nth gen-
eralised Kummer variety is smooth projective, and irreducible holomorphic sym-
plectic of dimension 2(n− 1).
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3.2. Complex genera of generalised Kummer varieties. Let
K(p) :=
∞∑
n=1
[
A[[n]]
]
· pn ∈ Ω[[p]] (21)
be the generating series of the complex cobordism classes of the generalised Kummer
varieties and similarly
HX(p) :=
∞∑
n=0
[
X [n]
]
· pn ∈ Ω[[p]] (22)
the generating series to the Hilbert schemes of points on a surface X .
In [16] we proved the following theorem:
Theorem 1. Let φ : Ω → R be a complex genus with values in the Q-algebra R.
For every smooth projective surface X with
∫
X
c1(X)
2 6= 0,
φ(K(p)) =
1
c1(X)2
(
p
d
dp
)2
ln
φ1(HX(p))φ−1(HX(p))
φ(HX(p))2
. (23)
Proof. See [16].
Taking a look at the proofs of [16] or at the results of [8], we see that lnφt(HX(p))
is a polynomial in t of degree 2, and therefore
ln
φ1(HX(p))φ−1(HX(p))
φ(HX(p))2
=
d2
dt2
∣∣∣∣
t=0
lnφt(HX(p)). (24)
So, the genus φ of K(p) can be expressed as
φ(K(p)) = 2
(
p
d
dp
)2
Aφ(p) (25)
for any smooth projective surface X with c1(X)
2 6= 0. Here,
Aφ(p) :=
1
2c1(X)2
d2
dt2
∣∣∣∣
t=0
lnφt(HX(p)), (26)
which is independent of X . We shall use the formula (25) to calculate the elliptic
genera of the generalised Kummer varieties.
4. Elliptic genera of generalised Kummer varieties
In the following proposition, we shall calculate twisted elliptic genera of Hilbert
schemes of points on surfaces. We shall make use of the following recent theorem
of Borisov and Libgober ([2]):
Theorem 2. Let X be a complex projective surface. Let c(m, l) for m, 2l ∈ Z be the
Fourier coefficients of the elliptic genus of X, i.e. Ell(X, z, τ) =
∑
m,2l∈Z c(m, l)q
myl.
Then the elliptic genera of the Hilbert schemes X [n] of zero-dimensional subschemes
of length n on X are given by:
Ell(HX(p), z, τ) :=
∞∑
n=0
pnEll(X [n], z, τ) =
∞∏
i=1
∏
m,2l∈Z
(1− piqmyl)−c(mi,l). (27)
Proof. See [2].
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Proposition 4. As a corollary to the previous theorem, we have
Elltψ(HX(p), z, τ) :=
∞∑
n=0
pnElltψ(X
[n], z, τ) =
∞∏
i=1
∏
m,2l∈Z
(1 − piylqm)−cit(mi,l),
(28)
for every integer t, i.e.
ln Elltψ(HX(p), z, τ) =
∞∑
i,k=1
∑
m,2l∈Z
1
k
cit(mi, l)p
ikylkqmk. (29)
Proof. This proof consists just of a straight-forward calculation:
∞∑
n=0
pnElltψ(X
[n], z, τ) =
∞∑
n=0
pny2ntqnt
2
Ell(X [n], z + tτ, τ)
=
∞∏
i=1
∏
m,2l∈Z
(1 − (py2tqt
2
)iqm(yqt)l)−c(mi,l)
=
∞∏
i=1
∏
m,2l∈Z
(1 − piqm+lt+it
2
yl+2it)−c(mi,l)
=
∞∏
i=1
∏
m,2l∈Z
(1 − piylqm+lt−it
2
)−c(mi,l−2it)
=
∞∏
i=1
∏
m,2l∈Z
(1 − piylqm)−c(mi−lit+i
2t2,l−2it)
=
∞∏
i=1
∏
m,2l∈Z
(1 − piylqm)−cit(mi,l).
Lemma 1. Let X be a smooth projective surface. Let ct(m, l) for m, 2l ∈ Z be the
Fourier coefficients of the twisted elliptic genus Elltψ of X. We have
d2
dt2
∣∣∣∣
t=0
ct(m, l) = u(m, l) · c1(X)
2, (30)
where u(m, l) ∈ Q for m, 2l ∈ Z is such that∑
m,2l∈Z
u(m, l)qmyl = ψ2(z, τ). (31)
Proof. Such a statement is actually true for any genus on a surface X : If φ is any
complex genus, then
d2
dt2
∣∣∣∣
t=0
φt(X) = c1(X)
2, (∗)
which follows from the fact that φt(X) is polynomial of degree two in t with leading
coefficient c1(X)
2/2. From (∗) the lemma follows by the chain rule.
Proposition 5. For every smooth projective surface X and u(m, l) for m, 2l ∈ Z
as in Lemma 1 we have:
d2
dt2
∣∣∣∣
t=0
ln Elltψ(HX(p), z, τ) = c1(X)
2
∞∑
i,k=1
∑
m,2l∈Z
i2
1
k
pikqmkylku(mi, l). (32)
Proof. This proposition follows immediately from Proposition 4 and Lemma 1.
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Now we can use that proposition together with the theorem on complex genera
of generalised Kummer varieties to prove our main theorem:
Theorem 3. Let Jk,r for k, 2r ∈ Z be the space of weak Jacobi forms of weight k
and index r. Following [7] we define for every i ∈ N a Hecke operator
V (i) : Jk,r → Jk,ir , φ 7→ φ|k V (i) (33)
by
(φ|k V (i))(z, τ) :=
∑
a|i
ak−1
∑
m,2l∈Z
c
(
mi
a
, l
)
qamyal, (34)
where the c(m, l) are the Fourier coefficients of φ, i.e. φ(z, τ) =
∑
m,2l∈Z c(m, l)q
myl.
The following statements hold true: ψ2 is a weak Jacobi form of weight −2 and
index 1, ψ−2
(
ψ2
∣∣
−2
V (i)
)
is a weak Jacobi form of weight 0 and index i− 1, and
the elliptic genera of the generalised Kummer varieties are given by
Ell(K(p)) =
∞∑
i=1
Ell(A[[n]])pn = ψ−2
∞∑
i=1
i4
(
ψ2
∣∣
−2
V (i)
)
pi. (35)
Proof. The holomorphic function ψ2 is (up to a factor) the weak Jacobi form of
weight −2 and weight index 1 (see [7]). Then note that the space of weak Jacobi
forms of weight −2 lies inside the principal ideal spanned by ψ2 in J2∗,∗ which
follows from the classification theorem on weak Jacobi forms in [7].
Let X be any smooth projective surface with c1(X)
2 6= 0. By (25) and the
previous proposition we have
∞∑
i=1
Ell(A[[n]])pn
=
1
c1(X)2
(
p
d
dp
)2
d2
dt2
∣∣∣∣
t=0
ln Ellt(HX(p))
=ψ−2
∞∑
i,k=1
∑
m,2l∈Z
i4kpikqmkylku(mi, l)
=ψ−2
∞∑
i=1
i4
∑
a|i
a−3
∑
m,2l∈Z
u
(
mi
a
, l
)
qamyal,
which proves the rest of the theorem.
We can easily deduce Go¨ttsche’s and Soergel’s formula on the χy-genus of a
generalised Kummer variety ([10]) from this theorem:
Corollary 1 (Go¨ttsche, Soergel ([10])). Let n be a positive integer. The χy-genus
of the generalised Kummer variety A[[n]] is given by:
χ−y(A
[[n]]) = yn−1n4
∑
a|n
a−3
ya + y−a − 2
y + y−1 − 2
(36)
Proof. We have
χ−y(A
[[n]]) = yn−1 Ell(A[[n]], τ, z)
∣∣∣
q=0
= yn−1 ψ−2(τ, z)
∣∣
q=0
n4 (ψ2
∣∣
−2
V (n))(τ, z)
∣∣∣
q=0
.
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Now we use that ψ2(τ, z)
∣∣
q=0
= (y + y−1 − 2) and the following representation of
the Hecke operators (see [7])
(
ψ2
∣∣
−2
V (n)
)
(τ, z) = n−1
∑
a|n
n/a−1∑
b=0
a−2ψ2
(
aτ + b
n/a
, az
)
,
i.e.
(
ψ2
∣∣
−2
V (n)
)
(τ, z)
∣∣∣
q=0
=n−1
∑
a|n
n/a−1∑
b=0
a−2 lim
τ→i∞
ψ2
(
aτ + b
n/a
, az
)
=n−1
∑
a|n
n/a−1∑
b=0
a−2
(
ya + y−a + 2
)
=
∑
a|n
a−3
(
ya + y−a + 2
)
,
to conclude the formula given in the corollary.
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